
tectable mechanical or morphological alterations. The equi- 
librium sorption isotherm for both the control and lipid 
extracted epidermis is shown in Figure 5. The se!ective 
removal of the lipid components of the epidermis appears 
to have no effect on the equilibrium sorption character- 
istics of the skin. Furthermore, the sorption isotherm can 
be similarly split into the dissolved and immobilized com- 
ponents as shown in Figure 5. In this case, the values of 
the constants K D ,  CI’, and b are, respectively, 1.1, 36.0 
mg/ml and 0.11 ml/mg. 

The average steady state diffusion coefficients deter- 
mined by dividing the measured steady state flux by the 
computed gradient of dissolved drug are shown in Table 2. 
Lipid extraction of the skin prior to permeation measure- 
ments results in a 500 fold increase in the steady state 
diffusivity. Similarly, a comparison is made between the 
ratio of the steady state to time lag diffusion coefficients 
measured experimentally as a function of concentration, 
and the ratio predicted by using Equation (l l) ,  and is 
shown in Figure 6. Again, the agreement between theory 
and experiment is good. 

CONCLUSIONS 

We have been able to demonstrate the basic validity of 
the dual mode sorption model and its usefulness in the 
analysis of the permeation characteristics of scopolamine 
through human skin in vitro. The interstitial lipid phase of 
the stratum corneum is the cause for the exceedingly low 
apparent diffusivity of scopolamine and in this regard acts 
as the principal permeation barrier. Selective removal of 
the lipid phase of the stratum corneum enhances the trans- 
dermal permeation rate of scopolamine by orders of mag- 
nitude without causing any change in the equilibrium 
sorption isotherm, suggesting that scopolamine sorbed by 
the skin is localized predominantly within the protein 
phase of the tissue. 

NOTATION 

a = b / K D  = constant 
b = Langmuir’s isotherm constant 

C = concentration 
CD = mobile concentration 
Cz = immobilized concentration 
Cz* = Langmuir’s isotherm constant 
CT = total concentration 
D = diffusion coefficient 
DSS = steady state diffusion coefficient 
DTL = time lag diffusion coefficient 
1 =flux 
K D  = partition coefficient 
2 = membrane thickness 
t = time 
x = distance 
e = diffusion time lag 
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Shear Viscosity of Native and Enzyme 
Hydrolyzed Amioca Starch Pastes 

Shear viscosity of an Amioca starch paste undergoing hydrolysis by im- 
mobilized a-amylase is shown to follow a power law behavior. The power 
law constants are uniquely related in a way which reduces the power law 
to a dimensionless form, a result previously reported only for retrograding 
starch and coagulating milk. The concept of a total hydrodynamic volume 
[Amioca starch molecules (amylopectin) plus associated immobilized liquid] 
is extended to concentrations above the dilute solution regime. A molecular 
interpretation is proposed for the shear viscosity behavior of Amioca starch 
pastes vs. extent of starch hydrolysis. 

ANGEL CRUZ 
WILLIAM B,, RUSSEL 

and 
DAVID F. OLLIS 

Chemical Engineering Department 
Princeton University 

Princeton, New Jersey 08540 

SCOPE 
For viscous media such as those commonly encountered ported on a rotating or reciprocating agitator, which is 

in the food, textile, and paper industries, useful immobil- shown to be active in moderately viscous media (1 to 5 
ized enzyme catalyst configurations are notably lacking. poise). 
This paper presents a novel, monolithic enzyme mesh, sup- The pseudoplastic fluids examined are 1.0 to 4.701, wt/ 
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vol pastes of cooked Amioca (waxy maize) starch granules. 
The hydrolysis and shear viscosity behavior of these pastes 
is reported for varying extents of hydrolysis by the enzyme 
paddle catalyst. [Enzyme-paddle preparation and hydro- 
lytic activity in low viscosity solutions of high molecular 
weight polysaccharides are shown elsewhere (Cruz and 
Ollis, 1976).] 

Shear stress vs. shear rate curves are employed in this 
paper to monitor the progress of enzyme degradation of 
the medium. The shear viscosity magnitude and shear rate 
dependence are found to be quite sensitive to the extent 
of paste hydrolysis. From these results, a convenient pa- 
rameter for monitoring the extent of enzyme catalyzed 
modifications of viscous media is suggested. 

CONCLUSIONS AND SIGNIFICANCE 
The power law, T = KP, can describe the shear viscos- 

ity of native or partially hydrolyzed Amioca starch paste 
from 0.63 to 4.8% wt/vol concentrations for temperatures 
between 23O to 6OoC and shear rates in the range 3.0 to 
230 s-1. 

For partially hydrolyzed starch pastes, a unique rela- 
tionship between the two power law constants K,N is 
found similar to results for retrograding starch (Nedon- 
chelle and Schutz, 1967) and coagulating milk (Tusznski 
and Scott Blair, 1967). This relation implies that all native 
or partially hydrolyzed samples of a given starch concen- 
tration behave indistinguishably at a common shear stress 
and shear rate (T, yo). This common intersection obtained 
by extrapolation of log T vs. log y data can be considered 
as the high shear limiting viscosity (va = 7Jy0) at which 

all starch structure has been reduced to the same effective 
suspension by shear and/or hydrolysis. 

The total hydrodynamic volume de, including polymer 
plus immobilized liquid, is shown to provide a useful cor- 
relating parameter for Amioca (branched) starch paste 
similar to that found for linear polymers (Dreval et al., 
1973; Simha and Utracki, 1973). The viscosity-volume 
fraction relationship defined by +e resembles that for rigid 
spheres in the dilute regime and approaches that of a fluid 
containing deformable particulates (emulsions and suspen- 
sions of blood cells) at higher concentrations. Because of 
the linear log (q7) vs. & relationship at higher +e values, 
shear viscosities can be easily related to values of 4e, there- 
by allowing viscometric monitoring of starch paste enzy- 
matic hydrolysis. This result could prove useful in both 
process control and process testing applications. 

Starch pastes and their moderately concentrated solu- 
tions (-2% wt/vol) exhibit shear viscosity behavior de- 
pendent upon the starch origin, concentration, and method 
of preparation. Subsequent enzyme hydrolysis alters the 
non-Newtonian behavior of the starch pastes in ways which 
may be influenced by the enzyme specificity for terminal 
vs. internal bond hydrolysis. These factors are among those 
responsible for the inadequate rheological characterization 
of cooked or partially hydrolyzed starch pastes. 

Starch granules from most plant species contain two 
types of polysaccliarides. The starch paste shear thinning 
behavior under steady state or transient conditions (pseudo- 
plasticity and thixotropy, respectively) depends on the 
relative proportions of these two constituents. The major 
component, amylopectin, comprises 70 to 80% of most 
starches and posesses a branched bushlike structure with 
linear chain segments averaging 20 to 25 a-( 1 + 4) linked 
glucose residues between branching a-( 1 -+ 6) linkages. 
Amylose, the minor component, is a linear unbranched glu- 
cose polymer (Williams, 1968). Some starch granules such 
as those of waxy maize contain as little as 1% amylose 
(Powell, 1973). Pure amylose solutions are thixotropic, 
while those of only amylopectin are pseudoplastic within 
the response times of typical viscometers (Storey and Mer- 
rill, 1958). 

Correlations for the shear dependent viscusity of pseudo- 
plastic materials are generally derived by considering com- 
peting rate processes. Molecular entanglements, contact 
points, or association links are assumed to exist between 
the primary particles (for example, molecules). Expressions 
for rates of formation and rupture of these links including 
Brownian motion and shear influences are formulated 
(Storey and Merrill, 1958; Gillespie, 1966; Cross, 1969). 
All such models for shear viscosity 7 vs. shear rate y have 
the form 

c2 

1 + C3Y* 
q=c1+ 

The interpretation of the material constants n, C1, Cs, and 
C3 varies from model to model. 

These models all suffer similar drawbacks. Accurate 
evaluation of constants requires viscosity measurements 
over a wide range of shear rates y. In this study, the shear 
rate range was limited to the range 1.0 A y f 230 s-l. 
Consequently, extensive extrapolations were necessary to 
estimate the model parameters. The resulting errors ren- 
dered futile the interpretation of these parameters in terns 
of molecular structure, thus disallowing their use to moni- 
tor extent of enzymatic hydrolysis (Cruz, 1976). 

The power law 
7 = KP (2) 

has successfully correlated shear stress-shear rate relation- 
ships for numerous materials including starch pastes (Far- 
row et al., 1928; Richardson and Waite, 1933; Higgin- 
botham, 1947; Lancaster et al., 1966; Schutz and Nedon- 
chelle, 1968). Its simplicity has encouraged its use, and 
attempts have been made to rationalize its form theo- 
retically (Scott Blair, 1965, 1967). The sensitivity of K 
and N to changes in the consistency of a material (for ex- 
ample, starch pastes), could provide means to monitor the 
progress of an hydrolysis reaction. 

This work examines the shear stress vs. shear rate be- 
havior of enzyme free Amioca starch pastes (waxy maize) 
subsequent to varying degrees of hydrolysis by an im- 
mobilized a-amylase paddle catalyst (Cruz and Ollis, 
1976). The resulting T, measurements are interpreted by 
a power law relationship. A model for partially hydroiyzed 
starch is presented based on observed flow behavior. 

In dilute polymer solutions, a useful parameter is the 
total hydrodynamic volume be, which is the sum of the 
molecular polymer volume and the associated volume of 
immohilized solvent. Here, this parameter is shown to pro- 
vide a convenient means of correlating viscosity vs. shear 
rate measurements at the higher polymer concentrations 
used in this study. The viscosity vs. volume fraction be- 
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Fig. 1. Viscosity (q) vs. shear rate (7) for (1.65% wt/vol) Amioca 
starch paste after varying hydrolysis times (hr) (rotating a-amylase 

paddle, 23°C). 

30h 

Fig. 3. Log (7 )  vs. log (7) plot of hydrolysis data from Figure 2. 

havior of Amioca starch pastes and its hydrolysis products 
is compared to that of three other concentrated systems 
containing either rigid latex spheres, oil/water emulsions, 
or blood cells. 

MATERIALS AND METHOD 

Preparation of the nylon or steel mesh immobilized en- 
zyme paddles used in this work is described elsewhere 
(Cruz and Ollis, 1976). Starch pastes were prepared by 
cooking a given amount of Amioca starch (waxy maize, 
>95% amylopectin, National Starch and Chemical Corp.) 
in pH 6.0, 0.04hI acetate buffer for 2 to 3 hr at 100°C. 
Continuous agitation (turbine impeller, 240 rev/min) 
was needed to rupture the swollen granules. Solution con- 
centrations were determined conveniently and reproducibly 

50 100 150 200 
i r (  sec-' ) 

Fig. 2. Shear stress-shear rate data for the same samples as shown in 
Figure 1. 

by drying samples to constant weight in a vacuum oven 
at 110°C over a bed of Celite (Sargent Welch). 

In each batch experiment, an immobilized a-amylase 
paddle was immersed in 700 ml of starch paste contained 
in a glass beaker. Samples were taken periodically from 
the agitated reactor, diluted when necessary, and trans- 
ferred to a Wells-Brookfield (model LVT) con(: and plate 
viscometer. The viscometer cell temperature was con- 
trolled with a circulating constant temperature bath. In all 
cases, no enzyme hydrolysis occurred during the viscosity 
measurements; the absence of a-amylase leachirig from the 
paddles is shown elsewhere (Cruz and Ollis, 1976). 

RESULTS AND DISCUSSION 

Degradation Flow Curves and the Power Law 

The degree of hydrolysis of a starch paste can be fol- 
lowed by monitoring either reducing sugars, iodine stain- 
ing ability (for high amylose containing starches), or vis- 
cosity. Of these possibilities, viscosity is the most sensitive 
to variations of starch molecular size. The observed vis- 
cosity behavior of starch pastes requires that a full flow 
curve be determined to fully characterize the material. 
Most starch pastes are thixotropic, thus exhibiting time- 
dependent viscosities; only those pastes composed pre- 
dominantly of the branched component amylopectin pro- 
vide time-independent viscosities (Storey and Merrill, 
1958). Hence, the choice of Amioca starch for this study. 

Figure 1 presents measured viscosity vs. shear rate for 
a 1.65% wt/vol Amioca paste previously hydrolyzed for 
the times indicated at 23°C with a rotating immobilized 
a-amylase mesh paddle. The curve at time = 0 illustrates 
characteristic shear thinning: the measured viscosity drops 
monotonically with increasing shear rates. The difficulty 
in applying a model, such as Equation ( 1) , which requires 
at least one viscosity asymptote is apparent from Figure 2, 
since asymptotic behavior is not observed in the shear rate 
range attainable. As hydrolysis proceeds, the \. iscosity de- 
creases over all shear rates. 

The power law [Equation ( 2 )  ] is an empiric a1 relation- 
ship between shear stress (T) and shear rate ( y )  which is 
typically applied to that portion of material flow curves 
between the high and low shear asymptotes of zero- and 
infinite-shear viscosities, respectively. 

The material constant N measures the departure from 
Newtonian ( N  = 1.0) behavior. The constant I( is numeri- 
cally equal to the viscosity coefficient at unit shear rate, 
but its dimensions depend on the value of N. For our pur- 
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poses, K will be identified as a unit shear viscosity, that is, 
K = 71. The power law has been shown to adequately 
describe the behavior of aqueous starch pastes composed of 
amylose and amylopectin over a wide range of concen- 
trations (Farrow et al., 1928; Richardson and Waite, 1933; 
Higginbotham, 1947; Lancaster et al., 1966; Schutz and 
Nedonchelle, 1968). For the same experiments shown in 
Figure 1, the nonlinear relation between shear stresr, and 
shear rate presented in Figure 2 illustrates the non-New- 
tonian behavior of all samples but one. At 45.5 hr of re- 
action time, the material appears to be Newtonian since 
r) # f (7). When the data is plotted as (Figure 3) 

log T = log 71 + N log (3) 
a straight line adequately represents each data set, indi- 
cating the utility of the power law in the experimental 
range 5.75 s y 4 230 s-l for native and partially hydro- 
lyzed Amioca starch pastes. 

Table l a  summarizes the variations of N and 71 with 
hydrolysis time. Unit shear viscosity decreases with time, 
while the index of non-Newtonian behavior N increases 
from 0.73 to 0.98 (essentially Newtonian) at 45.5 hr of 
reaction. Tables l b  and l c  represent the variations of 71 
and N with starch concentration and temperature of shear 
viscosity measurements, respectively. Unit shear viscosity 
increases rapidly with concentration. Samples with con- 
centrations less than 0.63% wt/vol appear to be New- 
tonian; those with c > 1% wt/vol exhibit deviations from 
Newtonian behavior which are greater with increasing con- 
centrations (Table l b )  . The unit shear viscosity (71) de- 
creases with increasing temperature, a result of decreasing 
solvent viscosity 7 , ( T )  as evidenced by a nearly constant 
relative viscosity, T~ = r)Jvo. This result suggests little or 
no expansion of the amylopectin molecules with tempera- 
ture. The index of non-Newtonian behavior N is not a 
function of temperature (Table l c )  in agreement with 
Schutz and Nedonchelle's (1968) findings with 3% potato 
starch paste (430% amylopectin). 

In two systems where consistency increases with time, 
a unique relationship between v1 and N has been reported. 
Nedonchelle and Schutz ( 1967) followed retrogradation 
of starch pastes arising from hydrogen bonding between 
amylose molecules. At constant temperature they found 

log 71 = log To - N log yo (4) 
where ro and yo were constants. Later, Tuczyncki and 
Scott Blair (1967) observed the same behavior during 
coagulation of milk after addition of the enzyme rennet. 
In both systems, increases in viscosity with time were due 
to structure buildup among the elementary particles 
(molecules). Combination of Equations (3) and (4)  gives 

log T = log r0 - N log yo + N log 7 
or 

n 
I+) To (5)  

Since N changes in time, r0 and yo have dimensions of 
stress and shear rate, respectively. From Equation (5)  
when T = T ~ ,  y = yo. Thus, for each system satisfying 
Equation (4 ) ,  a unique point ( T ~ ,  y o )  exists which is 
common to all 7-7 curves independent of N ,  the power 
law index. This was established experimentally for coagu- 
lating milk (Tuszynski and Scott Blair, 1967), where ex- 
trapolations of log T vs. log y plots all met at a common 
point ( r0, y o ) .  

As a starch paste undergoes hydrolysis, structure is 
destroyed in the sense opposite to the retrogradation or 
coagulation, the previous examples fitting Equation (4  j . 
AlChE Journal (Vol. 22, No. 5) 

TABLE la, b, c. VARIATIONS OF POWER LAW PARAMETERS 
FOR AMIOCA STARCH PASTE 

a. With degree of hydrolysis (1.65% wt/vol, 25°C) 

Unit shear rate 
viscositv 

Reaction 
time, hr 

K E ~ I  [ +:;IN ] Non-Newtonian 
index ( N ) 

0.0 
3.0 
5.5 
8.0 

12.5 
45.5 

0.32 
0.26 
0.20 
0.14 
0.10 
0.03 

0.73 
0.75 
0.78 
0.83 
0.85 
0.98 

b. With concentration (no hydrolysis, 23°C) 

Unit shear rate 
viscosity 

K q1 [ dp:::'N 1 Concentration, % wt/vol Non-Newtonian index ( N )  

3.14 
2.51 
2.20 
1.88 
1.57 
1.26 
0.63 

3.40 
1.70 
1.20 
0.71 
0.38 
0.17 
0.03 

0.61 
0.62 
0.65 
0.66 
0.71 
0.78 
0.94 

c. With temperature (no hydrolysis, c = 1.57% wt/vol) 

Unit shear rate 

Relative 
viscosity Non- 

viscosity 
K ql 

q r  = m/q0 Newtonian 
Tempera- ture, "C [ d y ~ ~ ) N ]  ( s ) N - 1  index ( N )  

23.0 
30.0 
35.2 
40.0 
44.8 
50.1 
54.8 
59.8 

0.38 
0.30 
0.27 
0.25 
0.23 
0.22 
0.20 
0.18 

40.1 
36.9 
36.6 
38.1 
38.9 
40.1 
39.1 
39.3 

0.71 
0.73 
0.73 
0.73 
0.73 
0.73 
0.74 
0.73 

n o  = viscosity of solvent at given temperature. 

Values of q1 and N obtained from Figure 3 were plotted 
in Figure 4 according to Equation (4) .  Clearly, the rela- 
tionship holds indicating the existence of a point ( r0, yo) 
= [369 (from intercept), 15 118 (from slope)] where all 
flow curves of Figure 3 meet upon extrapolation as con- 
firmed in Figure 5. 

Tuszynski and Scott Blair (1967) thought that such a 
point might represent the destruction by shear of all 
multiple particle structure, but their experiments indicated 
that this point was reached at a much lower rate of shear 
than yo and at shear rates which were not independent of 
the age of the coagulating milk sample. 

For the flow curves of partially hydrolyzed Amioca 
starch paste, the ratio of T~ to yo is qm = ro/y0;  it will be 
considered as the limiting viscosity at high shear rates. 
This ratio is v m  = 369/15 118 = 0.024 poise (Figure 5);  
the significance of qm will be discussed later. 
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Fig. 4. Relationship between power law parameters from data in 
Figure 3. 
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Fig. 6. Fluidity Equation (6) plot for determining its range of validity. 
(Slope of broken line = [q] = 110 rnl/g.) 

In the following section, shear dependent viscosities of 
1.65 to 4.7% wt/vol Amioca starch pastes are correlated 
with +e, the total hydrodynamic volume of polymer p!us 
associated liquid, as determined from dilute solution vis- 
cosity measurements. 

Interpretation of @e at High Concentrations 

We have shown elsewhere that Equation (6) ,  the fluid- 
ity equation, can adequately predict intrinsic viscosities 
of Amioca starch solutions (Cruz and Ollis, 1976) : 

1 - 1/79. = c[q] 
The total hydrodynamic volume (polymer plus immobil- 
ized liquid) per unit volume of solution +e was obtained 
for dilute solutions from the relationship (Cruz and Ollis, 
1976) 

(6) 

C C d  
4 e  = - 2.5 

Figure 6 establishes that linearity between 1 - l/qr, 
and c holds for ( 1  - l / q r )  0.55 (that is, +e 4 0.22) 
with Amioca starch paste. From Equation (7) ,  the total 

lo2 

N 

E 
0 
\ 

=. 10 
U 
I 

b 

1.0 

0.1 ' ' I I  I I  
/ 

/ 
10 I02 lo3 lo4 r ( s e c " )  

Fig. 5. Extrapolated plot of Figure 3 confirming the existence of a 
unique point ( c o ,  yo) where all curves meet (broken line represents 

the Newtonian saqple rp = to/yo = 0.024 poise). 

volume fraction +e may be varied by changes OF the con- 
centration of polymer c or its molecular size a> reflected 
in the intrinsic viscosity [7]. Once [7] is obtained from 
diluted solutions (c  <, 0.6% wt/vol) using Equation (6) ,  
we may use Equation ( 7 )  to provide a correlation varii- 
able C#I~ for viscosities of the original higher con( entrations 
of starch in the sample solutions. This procedure allows 
use of a conveniently calculated variable +e for concen- 
trated solutions without the need to account for compres- 
sibility effects. Dreval et al. (1973) and Simha and Utracki 
(1973) examined data for concentrated solutions of linear, 
flexible polymers. They have obtained single master curves 
for zero shear viscosity vs. reduced concentration plots 
where parameters similar to & (= c[q]/2.5) were used 
as the concentration variable: Kmc[q] (Dreval et al., 
1973), c[q] (Dreval et al., 1973), or c[ (Simha and 
Utracki, 1973). In these previous reports, Km = Martin's 
constant reflecting solvent effects, and I; = molecular 
weight dependent parameter. 

For each Amioca starch concentration, shear stress VS. 

shear rate plots were used to obtain values for the unit 
shear viscosity ( q l )  . For each value of ql, 4e is calculated 
by using Equations (6 )  and (7) .  Plotting +e VS. log 7ni 
[where the reduced viscosity in (seconds)N-', ~ ~ , 1  = 
71/7,,] results in Figure 7 (broken line, two runs; +, "). 
Also shown are corresponding data of Maron et a1 (1951) 
and h4aron and Madow (1953) similarly evaluated for 
synthetic nonswelling latexes [curve A (Maron et al. 
(1951) 1: VGR-S, 80:20 butadiene-styrene c opolymer 
emulsified with a mixture of Dresinate 731 and potassium 
oleate, avg. diam. = 1 920A; curve B [Maron and Madow 
( 19531 : aqueous dispersion of 50:50 butadiene styrene co- 
polymer, potassium soap of K-wood rosin emulsifier, vol- 
ume to surface avg. diam. = 800 to 1 1OOA). Ever1 
though the viscosity of synthetic latexes varies with par- 
ticle size, size distribution, and emulsifying agent, it ap. 
pears that the ~ , . , 1  - +e relationship for starch paste coin- 
cides with the latex data (+ = latex volume fraLtion) for 
+e 2 0.4. This observation suggests that the unit shear 
rate behavior of Amioca starch paste approximates that of 
spherical incompressible latex particles at low volume 
fractions when 4e for the starch is determined according to 
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r l  VS. Fig. 7. Comparison of relative viscosity a t  unit shear rate (q , ) 
volume fraction: Amioco starch paste, two experiments, (broken line; 
X ,  *); synthetic spherical latexes (solid curves; A, B); human blood 
cells (solid curve C); + = +e for starch paste. See text for references. 

Equation (7). For all higher volume fractions + or 4,, the 
latex's relative viscosities increase sharply, whereas the 
deformable and compressible starch structures exhibit a 
lower relative viscosity. 

Linear log q ,  vs. 4 relationships such as observed with 
starch for & 0.4 (Figure 7 )  have been reported for 
suspensions of blood cells, emulsions of oil in water, ben- 
zene in water, and asphalt in oil (Richardson, 1953). 
Unit shear viscosity data available for heparinized dog 
blood, solid line C (Figure 7), represents this relationship 
(Gregersen et al., 1965). The linear form of the log 7,. 
vs. ae data for large +e for deformable starch indicates that 
we can consider these concentrated pastes as being com- 
posed of deformable hypothetical particles which have 
dilute solution values of the ratio (polymer volume/im- 
mobilized liquid volume). 

Viscosity-Volume Fraction Behavior of Partially 
Hydrolyzed Amioca Paste 

Amylopectin molecules, which possess approximately 
5 %  branch points [a - ( 1  + 6 )  linkages], resemble a 
bushlike structure. Light scattering determinations of mo- 
lecular weights and radius of gyration of amylopectin ancl 
its 8-amylase limit dextrin by Stacy and Foster (1956) 
suggest that amylopectin molecules consist of a spheri- 
cally symmetrical distribution of matter of continuously 
decreasing polysaccharide density with increasing radial 
position. Intrinsic viscosities reported in 1.ON potassium 
hydroxide were 127 for parent corn amylopectin and 122 
for the ,&amylase limit dextrin (Stacy and Foster, 1956). 
Similar results were obtained by Lansky et al. (1949) 
(121 for corn amylopectin, 125 for limit dextrin) and by 
Kerr et al. (1951) (145 and 117, respectively). These 
small decreases in intrinsic viscosities upon repeated re- 
moval of maltose (disaccharide) by ,&amylase hvdrolysis 
led Foster (1965) to conclude that most of the hydrody- 
namic effects of the amylopectin molecules are due to 
the branched structure in the molecule. Apparently, the 

r 
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7 
Fig. 8. Proposed shear stress-shear rate behavior of a Amioca starch 
paste undergoing immobilized enzyme hydrolysis. Curve A marks the 

onset of Newtonian behavior. 

outer linear loose ends offer little resistance to solvent 
flow as supported by the lack of dependence of intrinsic 
viscosity upon shear rates in the range of 0.5 to 1200 s-l 
(Banks et al., 1972). This result indicates that +e deter- 
mined from Equations (6)  and (7)  is dominated by the 
branched structures in the molecule. The a-amylase of 
the present study can hydrolyze even limit dextrins; this 
will give rise to a change of 7 due to a change of 4e 
as we show later. 

The non-Newtonian behavior exhibited by pastes of 
these native bushy structures has been attributed (Storey 
and Merrill, 1958) to association links between the outer- 
most chain ends. With this interpretation and the light 
scattering data, we may formulate the following scenario 
for starch hydrolysis by a-amylase. Upon enzyme attack, 
the number of such outside accessible chains should be 
progressively diminished. If these extended chain ends are 
considered responsible for association links between mole- 
cules, their elimination through hydrolysis would result 
in decreased non-Newtonian behavior. 

The percent change of viscosity as starch hydrolysis pro- 
ceeds decreases with increasing shear rate (Figure 1); 
thus, after 12.5 hr of hydrolysis, there has been a 76.5% 
decrease at 23 s-l as compared to a 36.5% at 230 s-l. 
This result appears to indicate the importance of particle- 
particle association links on the low shear viscosity. High 
shear viscosities are only weakly affected by the presence 
of these link-forming chain ends. Continuing the above 
picture, after hydrolysis of the outermost chain ends, sub- 
sequent immobilized enzyme degradation of the remaining 
molecu!e slows down considerably. The remaining interior 
portion of the molecule possesses an effective hydrody- 
namic volume, here denoted as &h''d. If the high shear 
rate hydrodynamic volume contribution of the outermost 
free chain ends is considered to be negligible, then inde- 
pendent of degree of such chain hydrolysis, all hydrolysis 
samples should exhibit the same high shear rate hydro- 
dynamic volume (4em)  and therefore infinite shear vis- 
cosity (7" ) (prior to subsequent slow hydrolysis of the 
remaining interior). 

Such a conclusion is consistent with our finding that all 
log P - log y curves of a hydrolyzing paste extrapolate to 
one common high shear point (Figure 5 ) .  From the pre- 
vious remarks, this common point may be considered to 
represent a viscosity ( q m )  influenced only by the total 
effective hydrodynamic volume of suspended particles at 
high shear rates ( & m ) .  For the above statements to be 
correct, the T vs. y plots for an hydrolysis reaction as de- 
picted in Figure 8 must all have the same slope 7)- 
(broken lines) at high shear rates which must correspond 
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to the viscosity (-qhyd) of the hydrolyzed material first 
exhibiting Newtonian behavior (curve A). The experi- 
mental T vs. y data presented in Figure 2 do not include 
sufficiently large shear rates to verify this argument, since 
we would need y > 15 118 s- l  as seen from Figure 5. 
Nevertheless, the extrapolated point obtained from the 
log r vs. log y point of these data (7" = 0.024 poise, Fig- 
ure 5 )  agrees well with the slope (Figure 2, time = 45.5 
hr, slope = 7 = T/Y  = 0.026 poise) of the sample which 
is approaching Newtonian behavior ( N  = 0.98, Table la ) .  

Analysis of the T vs. y hydrolysis data and experimental 
evaluation of +e allowed determination of the viscosity r),hyd 

and volume fraction ( +ehyd) at the onset of Newtonian be- 
havior. In Figure 7, increases in +e were brought about 
by increasing the concentration and by maintaining [7] 
constant (that is, no hydrolysis). When a starch paste 
undergoes enzymatic hydrolysis, the total saccharide con- 
centration is maintained constant, while hydrolysis results 
in decreasing values for [?I, hence of de. 

TO obtain the limiting point ( 77h!'d, +ehYd), the relative 
viscosity (7,) may be p!otted against the total equivalent 
hydrodynamic volume (&), with shear rate as the third 
parameter. As mentioned previously, Amioca starch pastes 
exhibit flow behavior similar to that observed for de- 
formable bodies [for example, blood cell suspensions and 
oillwater and benzene/water emulsions, Richardson, 
19531, that is, linear log 7,. vs. +e plot.;. This is shown to be 
true for a range of shear rates in Figure 9, where the 
data from Figure 2 (as log 7,) follow a linear relatiomhip 
to (be. It  is not possible to determine directly the volume 
fraction of polymer molecules plus immobilized liquid in 
concentrated solutions. Values for de were obtained by a 
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Fig. 10. Comparison of infinite shear relative viscosities vs. volume 
fraction data: Amioco starch pastes ( q r h y L o - ;  V r " 4 - j  Table 2); 
butodiene-styrene latex rigid spheres (A); oil-water emulsions (8); 
and blood cells (C); @ = $ehyd for starch paste. See text for refer- 

ences. 

TABLE 2. TABULATION OF EXTRAPOLATED LIMITING V I ~ C O ~ I T I E : ~  
AND VOLUME FRACTIONS 

From log t From log 
vs. log 7 ( ~ i r )  VS. $e 

Run Conc., % Paddle plots plots 
No. wt/vol type" vlr" v,.hYd +ehYd 

1 1.65 ROT 2.74 2.65 0.33 
2 1.70 REC 1 4.49 3.18 0.41 
3 2.17 REC 2 3.75 3.80 0.37 
4 3.03 REC 1 16.2 15.2 0.75 
5 4.68 REC 1 34.2 33.2 0.90 

-a ROT = rotating paddle; REC = reciprocating paddles. 

threefold dilution of the sample (that is, from 0.0165 to 
0.0055 g/ml), determining &' of the diluted sample with 
the use of Equation (6) ,  and then using I$, = 3&'. 

If the data of Figure 9 are extrapolated, all lines meet 
at the same point ( rlrhyd, +ehyd), From these coordinates, 
the viscosity ( q T h Y d  3 7 h y d / ~ o  = 2.65) and the equivalent 
volume fraction at which Newtonian behavior LS h s t  ob- 
served, +2sd = 0.33) may be determined. Table 2 sum- 
marizes the results for five runs, each corresponding to 
different initial starch concentration and the amylase 
paddles indicated. These results are derived by data reduc- 
tion according to Figures 4, 5, and 9. Values for 1/7m from 
log T vs. log y plots are compared with 7,.hYd values ob- 
tained from graphs of log 7,. vs. de (from example, Figure 
9) .  Good agreement is observed. The corresponding +ehyd 
values are also tabulated. 

Our experimental data show that q r m  - qrhyd. If we 
assume the same functional relationship between viscosity 
(7,) and total effective hydrodynamic volumc (+e) for 
q r S  and 7rhyd, it follows that Qem must equal ~ # ) ~ ~ y ~ .  Pres- 
ently, we do not know if this result is general or if it only 
describes the system at hand. As determinatiorl of dew is 
impossible through direct experimentation, the above rea- 
soning provides a relationsh'p between the sheu limiting 
viscosity ( 7,." ) and volume fraction (& 11 ) when we take 

It is of interest to compare the values for ?7hyd and +ehyd 

with existing infinite shear viscosities-volume fraction 

+em = 4ehYd. 
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data for systems of rigid spheres and deformable bodies. 
Figure 10 presents such a comparison (0 for q r h Y d  from 
log vs. +e; 0- for T~~ from log T vs. log 7 ) .  Hydrolyzed 
Arnioca starch particles exhibited an average radius of 
gyration in the order of -1 200A when taken as polydis- 
perse random coils or 533A when assumed to be mono- 
disperse spheres (Cruz and Ollis, 1976). A butadiene-sty- 
rene latex (Maron and Folk, 1955) with average par- 
ticle diameter = 1390A represents the qrm - + relatlon- 
ship for rigid spheres. The oil/water emulsion data (poly- 
dispersed oil drop size distribution of approximately 65% 
within the 0.5 to 2 . 0 ~  diameter range) from Park’ mson 
et al. (1970) a t  high shear rates (1 468 s - l )  and Bayliss’s 
(1952) apparent asymptotic viscosity ( qr)  for dog’s blood 
(corpuscles are approximately 5 to l o p  in diameter and 
1.5 to 2 .5 ,~  thick) represent two examples of high shear 
rate deformable body behavior. 

From Figure 10, the limiting shear viscosity of an Amioca 
starch paste qrm = qrhyd follows a volume fraction-viscosity 
behavior (broken line; 6, 0-) which falls between that of 
rigid spheres and easily deformable bodies. This physically 
reasonable behavior obtains when the volume fraction is 
taken to be the residual hydrodynamic volume fraction 
(&hyd = + e m )  resulting from Figure 9. This behavior 
substantiates the proposed view of the ratio ( T ~ / Y ~ )  as an 
infinite shear viscosity 9 -. 

Our observation for Amioca paste (branched amylopec- 
tin molecules) of a unique relationship between 7,. and 
+e (Figures 9, 10, and 11) parallels the earlier finding for 
linear flexible molecules of a dimensionless concentration 
reducing variable (Dreval et al., 1973; Simha and Utracki, 
1973). In addition, we have been able to assign a physical 
interpretation to +e and have shown that the qr - +e rela- 
tionsh:p holds for all shear rates in our study range (3.0 to 
230 s-l, Figure 9), as well as for the extrapolated limiting 
shear viscosity qrm ( = vrhYd)  (Figure 10). 
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NOTATION 

u = radius of particle 
c = concentration 
CI, Ce, Cs, n = material constants in Equation (1 )  
k = Boltzmann’s constant 
K 
Km = Martin’s constant 
N 
T = temperature 

Greek Letters 

= power law constant = 71 

= power law index of non-Newtonian behavior 

7 -  
9r 

= shear rate 
= characteristic shear rate 
= molecular weight dependent parameter 
= viscosity of suspension 
= viscosity at unit shear rate [= power law con- 

= solvent viscosity 
= relative viscosity (= ? / T o )  
= unit shear rate relative viscosity (= 71/~~) 
= viscosity of hydrolyzed material f i s t  exhibiting 

Newtonian behavior 
= relative viscosity of hydrolyzed material first ex- 

hibiting Newtonian behavior (= qhYd/qo) 
= shear limiting Newtonian viscosity 
= shear limiting relative viscosity ( = 9 /.lo) 

stant (K) ] 

[7] = intrinsic viscosity 
r = shear stress 
T~ = characteristic shear stress 
7,. = reduced shear stress 
4 = volume fraction 
+e = total hydrodynamic volume of polymer plus im- 

mobilized liquid 
4; = total hydrodynamic volume of polymer plus im- 

mobilized liquid of diluted sample 
+em = limiting shear total hydrodynamic volume of poly- 

mer plus immobilized liquid 
+ehyd = total hydrodynamic volume of hydrolyzed mole- 

cules plus immobilized liquid for sample first ex- 
hibiting Newtonian behav;or 
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The dynamic behavior of aerosol size distributions under the influence 
of coagulation and growth by heterogeneous condensation of gaseous spe- 
cies is studied. Analytical solutions are obtained to the integro-differential 
equation governing the aerosol size distribution density function. TWO 
modes of coagulation (constant and linear coagulation constants) and two 
modes of condensation (growth independent of particle volume and linearly 
dependent on particle volume) are considered. The interaction of the two 
growth mechanisms on aerosol size distributions is elucidated. 

SCOPE 
The growth of aerosols results from a variety of physi- 

cal and chemical phenomena. For atmospheric aerosols, 
the most important phenomena are coagulation and het- 
erogeneous condensation. Because of the strong depend- 
ence of aerosol properties, such as light scattering, on 
particle size, it is desirable to understand in as much de- 
tail as possible how a size distribution evolves under the 
influence of these two processes. The size distribution of 
an aerosol is described by its size distribution density 
function, which is governed in general by a partial integro- 
differential equation. For simulations of atmospheric aero- 
sol dynamics including turbulent transport and dispersion, 

numerical solution of the equation will ultimately be nec- 
essary. However, analytical solutions for certain limiting 
cases of a spatially homogeneous aerosol can be valuable 
in understanding the qualitative structure of the behavior 
in more complex situations. The object of this work, 
therefore, is to obtain analytical solutions to the general 
equation governing the size distribution density function 
of an aerosol undergoing simultaneous coagulation and 
condensation. Beyond their utility in understanding at- 
mospheric aerosol dynamics, the solutions shouid be help- 
ful in describing the dynamic behavior of any particulate 
system in which coagulation and condensation are taking 
place. 

CONCLUSIONS A N D  SIGNIFICANCE 
Analytical solutions are obtained to the general dy- 

namic equation governing the size distribution density 
function of an aerosol undergoing simultaneous growth 
by coagulation and heterogeneous condensation. The so- 
lutions elucidate the influences of simultaneous coagu- 
lation and condensation on the evolving size distribution 
of an aerosol. Because of the complexity of actual coagu- 

lation and condensation kinetics, it is necessary to assume 
simple functional forms for these processes to enable 
analytical investigation of the dynamics. Consequently, 
coagulation constants, independent of particle volume and 
dependent on the sum of the particle volumes, and con- 
densation rates, independent of particle volume and lin- 
early dependent on particle volume, are considered. A 
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